Cosmological perturbations in gravitational energy-momentum complex by Abedi, Habib et al.
ar
X
iv
:1
81
2.
10
95
3v
1 
 [g
r-q
c] 
 28
 D
ec
 20
18
Cosmological perturbations in gravitational energy-momentum complex
Habib Abedi,1, ∗ Amir M. Abbassi,1, † and Salvatore Capozziello2, 3, 4, 5, ‡
1Department of Physics, University of Tehran, North Kargar Avenue, 14399-55961 Tehran, Iran.
2Dipartimento di Fisica, Universita` di Napoli ”Federico II”, Via Cinthia, I-80126, Napoli, Italy,
3Istituto Nazionale di Fisica Nucleare (INFN), Sez. di Napoli, Via Cinthia, Napoli, Italy,
4Tomsk State Pedagogical University, ul. Kievskaya, 60, 634061 Tomsk, Russia,
5Laboratory for Theoretical Cosmology, Tomsk State University of
Control Systems and Radioelectronics (TUSUR), 634050 Tomsk, Russia.
(Dated: December 31, 2018)
Starting from the energy-momentum of matter and gravitational field in the framework of General
Relativity and Teleparallel Gravity, we obtain the energy-momentum complex in flat FRW space-
time. We show that the complex vanishes at background level considering the various prescriptions,
that is the Einstein, Møller, Landau-Lifshitz and Bergmann ones. On the other hand, at level of lin-
ear cosmological perturbations, the energy-momentum complex is different from zero and coincides
in the various prescriptions. Finally, we evaluate the gravitational energy for different cosmological
epochs governed by non-relativistic matter, radiation, inflationary scalar fields and cosmological
constant.
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I. INTRODUCTION
Since the beginning of general relativity (GR), gravi-
tational energy and its localization in curved spacetime
has been one of the most controversial concepts in deal-
ing with gravitational field. In general, the local con-
servation equation of matter energy-momentum is not
valid in curved spacetime, i.e. T µν ,µ 6= 0. To construct
the local conservation equation, gravitational energy-
momentum contribution is required. Einstein [1] was
known as the first one who suggested energy-momentum
pseudotensor. Misner et al. [2] proved that only the en-
ergy of a spherical system is localizable. Cooperstock et
al. [3, 4] argued that if energy of a spherical system is
localizable, then the energy of any system can be local-
ized. Then, Bondi [5] proved that non-localized energy is
not allowed in GR. Following the Einstein pseudotensor,
other prescriptions were developed; e.g. by Møller [6],
Landau-Lifshitz [7], Papapetrou [8], Bergmann [9], Tol-
man [10], Weinberg [11], and so on. All the calculations,
except for the Møller prescription, must be carried out
in Cartesian coordinates, and despite the other forms of
energy-momentum, gravitational energy-momentum pre-
scriptions are non-tensorial.
After the studies on the energy-momentum localiza-
tion by Virbhadra et al. [12], this problem took again
much attention. These Authors investigated various pre-
scriptions and showed that they coincide in some cases.
Chang et al. [13] argued that energy-momentum com-
plex (EMC) can be associated to different Hamiltonian
terms. The EMC is described by an antisymmetric super-
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potential, i.e.
τ νµ = H [να]µ ,α. (1)
Consequently, the divergence of EMC vanishes, i.e.
τ νµ ,ν = 0. Furthermore, an arbitrary antisymmetric
quantity can be added to the super-potential H [να]µ ; it
does not affect the conservation of the EMC τ νµ . Sev-
eral attempts have been made to evaluate the total en-
ergy of the universe. It was shown that the EMC re-
sults in vanishing energy for open and closed Friedmann-
Robertson-Walker (FRW) universe [14–17]. Most of this
considerations can be reported in other formulations of
gravitational field as teleparallelism.
The teleparallel description of gravity was introduced
by Einstein in 1928 [18]. Teleparallel Gravity, which
is a theory equivalent to GR with the same field equa-
tions, that is the Teleparallel Equivalent General Rela-
tivity (TEGR) can be used to define the gravitational en-
ergy [19]. The TEGR formulation uses the Weitzenbo¨ck
connection which leads to dynamics without curvature
R, but with torsion T . Analogous to GR, various energy-
momentum prescriptions in TEGR have been proposed.
We have to notice that the Teleparallel version of EMC
leads to the same results in many cases [20]. The en-
ergy of the universe was also evaluated in TEGR [21].
The energy localization problem has also been consid-
ered in modified theories of gravity. In Ref. [22], it is in-
vestigated the possibility to extend the Landau-Lifshitz
complex to f(R) gravity for the Schwarzschild-de Sitter
universe. Other modified prescriptions were developed in
f(T ) theory [23–25] and in general higher-order theories
of gravity [26–29].
In this paper, we will consider the problem of gravita-
tional energy-momentum complex for GR and TEGR in
the case of cosmology.
This study is organized as follows; In section II we
2briefly review the energy-momentum distribution due to
matter (all non-gravitational fields) and fields includ-
ing gravity. Considering Friedmann-Robertson-Walker
(FRW) flat background spacetime in section III, we ex-
plore the energy density complexes. We use various EMC
in GR and TEGR, i.e. Einstein, Møller, Landau-Lifshitz
and Bergmann prescriptions. The cosmological principle
asserts that the universe is homogeneous and isotropic
on large scales. However, at smaller scales, perturba-
tions should be considered. Writing the energy expres-
sions in linear perturbations, we show an interesting co-
incidence between the prescriptions. In our knowledge,
such expression never appeared in literature. Finally,
we obtain the energy in various epochs including infla-
tion, radiation, non-relativistic matter and cosmological
constant-dominated epochs. We summarize the results
in section IV.
Throughout this work, we use different indices:
the Greek indices, i.e. µ, ν, α, · · · = 0, 1, 2, 3, are
adopted for the spacetime; the capital Latin indices, i.e.
A,B,C, · · · = 0, 1, 2, 3, are for the tangent spacetime; for
their related spatial indices, we use i, j, k, · · · = 1, 2, 3 and
a, b, c, · · · = 1, 2, 3, respectively. We set the Planck mass
M2pl = 1 and the signature (−,+,+,+).
II. THE ENERGY-MOMENTUM COMPLEX
EMC in Einstein, Landau-Lifshitz, Bergmann-
Thompson and Møller prescriptions, in the framework of
GR, are shown in Table I. In this table, EMC is defined,
in the Einstein prescription, as
Θνµ =
√−g (tνµ + T νµ ) , (2)
where tνµ and T
ν
µ are the energy-momentum related to the
gravitation and matter, respectively. We can consider the
conformal transformation
gˆµν =Ω
2(xα) gµν , (3)
where the hat denotes quantities in the new frame and
Ω(xα) is the conformal factor. One can obtain the effect
of conformal transformation on the EMC, e.g. Einstein
prescription transforms as follows:
2Θˆ µν =2Ω
2Θ µν +H
µα
ν
(
Ω2
)
,α
+
(
Ω2
)
,αβ
Ω2
gνσ(−g)
(
gµσgβα − gβσgµα)
+
(
Ω2
)
,α
Ω2
[
gνσ(−g)
(
gµσgβα − gβσgµα)]
,β
. (4)
Then, for time dependent conformal transformation
Ω = Ω(t), we have:
Θˆ 00 = Ω
2Θ 00 . (5)
In TEGR approach, the metric can be written as gµν =
ηABh
A
µh
B
ν , where the nontrivial vierbein fields h
A
µ
are dynamical fields. One can transform hAµ by a lo-
cal Lorentz transformation without affecting the metric.
Therefore, metric gµν does not completely describe the
vierbein fields. The Weitzenbo¨ck connection is defined
by:
Γ˜αµν := h
α
A ∂νh
A
µ = −hAµ∂νh αA . (6)
This connection leads to vanishing curvature tensor and
non-vanishing torsion tensor. The tensor and scalar tor-
sion, respectively, are given by:
Tαµν = h
α
A
(∇µhAν −∇νhAµ) , (7)
T = TαµνS
µν
α, (8)
where ∇µ is the covariant derivative defined by the Levi-
Civita connection and;
Sαµν =
1
4
(Tαµν + T µαν − T ναµ)
− 1
2
(
gανT βµβ − gµαT βνβ
)
(9)
is a skew-symmetric tensor in its last two indices. Anal-
ogous to EMC in GR, teleparallel versions can be devel-
oped, see Table II. The vierbein fields under conformal
transformation change as follows:
hˆAµ =Ω(x
α)hAµ. (10)
One can obtain the effect of conformal transformation on
EMC in TEGR. Under conformal transformation we also
have
Tˆ ρµν =T
ρ
µν +Ω
−1 (δρν ∂µΩ− δρµ ∂νΩ) , (11)
Sˆ µνρ =Ω
−2S µνρ +Ω
−3 (δµρ ∂νΩ− δνρ ∂µΩ) . (12)
Consequently, we can relate the Einstein complex in
teleparallel formulation in two frames by
hˆEˆ µν =Ω
2hE µν + hS
µσ
ν ∂σΩ
2
+ ∂σ [hΩ (δ
µ
ν ∂
σΩ− δσν ∂µΩ)] . (13)
Then similar to Eq. (5), we have hˆEˆ 00 = Ω
2hE 00 for time
dependent conformal factor. The same results are valid
for all considered prescriptions in GR and TEGR. Notice
that the conservation of EMC is due to antisymmetric
property of super-potential, and this property is invariant
under conformal transformation. Then, in general for all
these prescriptions in GR and TEGR, we can conclude
∂µ
(
hˆτˆ µν
)
= 0. (14)
In obtaining the local conservation of EMC, it is standard
to use conservation of matter energy-momentum tensor,
i.e. ∇µT µν = 0. In general, this equation does not re-
main valid under conformal transformation [30], i.e.
∇ˆµTˆ µν = Ω−4
(
∇µT µν − T µµ
∂νΩ
Ω
)
,
∇µT µν = Ω4
(
∇ˆµTˆ µν + Tˆ µµ
∂νΩ
Ω
)
. (15)
3prescription Energy-Momentum pseudotensor conservation law
Einstein [6] Θνµ =
1
2
Hναµ,α ∂νΘ
ν
µ = 0
Hναµ = −Hανµ = gµσ√−g [−g (gνσgαγ − gασgνγ)],γ
Landau-Lifshitz [7] Lµν = 1
2
λµναγ,αγ ∂νL
µν = 0
λµναγ = −λµανγ = −g (gµνgαγ − gµαgνγ),γ
Bergmann-Thompson [9] Bµν = 1
2
βµνα,α ∂νB
µν = 0
βµνα = gµσvνασ ,
vναµ = −vανµ = gµδ√−g
[−g (gνδgαγ − gαδgνγ)]
,γ
Møller [6] Mνµ = χ
να
µ,α ∂νM
ν
µ = 0
χναµ = −χανµ =
√−g (gµσ,δ − gµδ,σ) gνδgασ
TABLE I. Energy-Momentum prescriptions in GR.
prescription Energy-Momentum pseudotensor conservation law
Einstein [15] hE νµ = 2 ∂λ
(
hS µλν
)
∂ν
(
hE νµ
)
= 0
Landau-Lifshitz [15] hLµν = 2 ∂λ
(
h2gµβS νλβ
)
∂ν
(
hL νµ
)
= 0
Bergmann-Thompson [15] hBµν = 2 ∂λ
(
gµβhS νλβ
)
∂ν
(
hB νµ
)
= 0
Møller [31] hMνµ = ∂βMνβµ ∂ν
(
hM νµ
)
= 0
Mνβµ = −Mβνµ =
√−g
16pi
Υτνβχρσ [Φ
ρgσχgµτ − gτµγσρχ],
Υτνβχρσ = δ
τ
χg
νβ
ρσ + δ
τ
ρg
νβ
σχ − δτσgνβχρ ,
gνβρσ = δ
ν
ρδ
β
σ − δνσδβρ , γµνβ = hiµhiν;β , Φµ = γρµρ
TABLE II. Energy-Momentum prescriptions in TEGR
Therefore, for any non-trace-free energy-momentum ten-
sor, ∇ˆµTˆ µν 6= 0. Because of this fact, the conformal
transformation affects both gravitation and matter, and
the conservation ∂µ (hτ
µ
ν ) = 0 is valid in both frames.
III. THE PROBLEM OF ENERGY IN THE FRW
SPACETIME
Let us consider now a FRW background spacetime with
the following line-element
ds2 = a2(τ)
(−dτ2 + δij dxi dxj) , (16)
where a(τ) is scale factor and τ is the conformal time
related to cosmic time t by dτ = dt/a. The gravitational
energy is expected to vanish for a Minkowski spacetime.
Using Eq. (5), the energy also vanishes for FRW space-
times.
The Lagrangians of GR and TEGR differ by a bound-
ary term, therefore they give rise to the same field equa-
tions. Considering the cosmological case, the background
field equations are
3H2 = ρa2, (17)
−6H′ = (ρ+ 3p)a2. (18)
where H := a′/a is the comoving Hubble parameter, the
prime indicates derivatives with respect to the conformal
time τ ; ρ and p are the energy and momentum densities
(pressure) of the matter fields, respectively. It is also
useful to write the following equation
H′ = −1
2
(1 + 3w)H2, (19)
where, w := p/ρ is the equation of state. Integrating
Eq. (19) for a constant w, we get
H = 2
(1 + 3w)τ
. (20)
If we apply the various EMC prescriptions to the FRW
background, the energy complexes vanishes in all cases.
We can define linear scalar perturbations on the flat FRW
spacetime, in conformal Newtonian gauge, as
ds2 = a2(τ)
[−(1 + 2Ψ) dt2 + (1− 2Φ) δij dxi dxj] ,
(21)
where Ψ and Φ are the Bardeen potentials, that is the
first order perturbations. The vierbein fields related to
the line element (21) are given by
h0µ = aδ
0
µ(1 + Ψ) + aδ
i
µ ∂iα, (22)
haµ = aδ
a
µ(1− Φ) + aδiµB ai + aδ0µ ∂aα, (23)
where α and B ai are extra degrees of freedom and
∂i∂jB
ij = 0 [32–34]. Extra degrees of freedom do not
4prescription Energy in GR Energy in TEGR
Einstein 2
a2
△Φ 2
a2
△Φ
Landau-Lifshitz 2
a2
△Φ 2
a2
△Φ
Bergmann-Thompson 2
a2
△Φ 2
a2
△Φ
Møller 2
a2
△Ψ 2
a2
△Φ
TABLE III. Energy complexes up to first order perturbations
around FRW spacetime in GR and TEGR.
appear in metric. The inverse vierbein fields get the fol-
lowing form
h µ0 = a
−1δµ0 (1 −Ψ)− a−1δµi ∂iα, (24)
h µa = a
−1δµa (1 + Φ)− a−1δµi Bia − a−1δµ0 ∂aα. (25)
We have also
√−g = h = det
(
h
(A)
µ
)
= a4(1 + Ψ −
3Φ). The energy complex in GR and TEGR for line-
element (21) are shown in table III. All prescriptions ex-
cept for Møller (in GR) are related to the matter energy
density in comoving gauge ρcm,
2
a2
△Φ = −δρcm, (26)
where △ := δij∂i∂j . Notice also that the energy com-
plexes are proportional to the Ricci scalar of 3-space,
(3)R = 4△Φ/a2. The scalar part of matter energy-
momentum tensor is
(
T νµ
)
=
(
−(ρ+ δρ) −(ρ+ p) ∂iδu
(ρ+ p) ∂iδu δ
i
j(p+ δp) + p
(
π,ij − 13δij △Π
)
)
,
(27)
where δρ and δp are perturbations in energy density and
pressure, respectively. The terms δu and Π are the poten-
tial velocity and the scalar part of the anisotropic stress.
At first order of perturbations, the Einstein equations are
6H (Φ′ +HΨ)− 2△Φ = −a2 δρ, (28)
2∂i (Φ
′ +HΨ) = a2 (ρ+ p) ∂iδu,
(29)
Φ′′ +H (Ψ′ + 2Φ′) + (2H′ +H2)Ψ
+
1
3
△ (Ψ− Φ) = a2 δp/2, (30)
∂i∂j(Φ−Ψ) = a2p∂i∂jΠ. (31)
The last equation results in (see also [35] )
Φ−Ψ = a2pΠ. (32)
Møller energy in GR and TEGR are related by
M00
∣∣∣
GR
−M00
∣∣∣
TEGR
= 2p△Π. (33)
Therefore, GR version of Møller energy complex would
get a different value in presence of anisotropic pressure.
Hereafter, we consider the anisotropic part of energy-
momentum tensor vanishing, i.e. Π = 0, so Ψ = Φ. All
prescriptions are, therefore, proportional to △Φ. Using
the field equations we can write
Φ′′ + 3(1 + c2s )HΦ′ + 3(c2s − w)HΦ = c2s △Φ, (34)
where c2s = p¯
′/ρ¯′ is the speed of sound which, for a perfect
fluid, is c2s = w. Considering adiabatic perturbations
and a constant equation of state, i.e. w = constant,
the evolution equation of the Bardeen potential, from
Eq. (34), gets the following form in Fourier space (we use
the same symbols Φ in Fourier space),
Φ′′ + 3H(1 + w)Φ′ + wk2Φ = 0. (35)
In what follows we will evaluate explicitly the gravita-
tional energy of the universe assuming various matter
contents. We shall use the following component of the
EMC
δτ00 = −
2
a2
△Φ. (36)
Then, using Eq. (28), the gravitational energy becomes
δt00 = δτ
0
0 − δT 00 = −
6H
a2
(Φ′ +HΦ) = −6H
(
Φ˙ +HΦ
)
,
(37)
where H = a˙/a and dot refers to the derivative with
respect to cosmic time t.
A. Non-relativistic matter dominated epoch
Consider the universe is dominated by pressureless,
non-relativistic matter. The background matter energy
density is ρ ∝ a−3, then the scale factor and the comov-
ing Hubble expansion rate become
a(τ) ∝ τ2 ∝ t2/3, H = 2
τ
. (38)
Considering the background quantities, Eq. (35) reduces
to
Φ′′ +
6
τ
Φ′ = 0. (39)
This equation is scale independent. The solution is of the
form
Φ(τ,x) = c1(x) + c2(x) τ
−5, (40)
where c1 and c2 are integration constants that can be
written by the initial value of the potential. As we can
see, the decaying mode disappears rapidly and the po-
tential gets a time-independent value. Finally, we have
δt00 = −
3τ40
a0τ6
(
c1 − 3c2
2τ5
)
. (41)
Fig. 1 shows evolution of the gravitational energy and
Bardeen potential in matter dominated universe.
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FIG. 1. The gravitational energy density and Bardeen poten-
tial in matter dominated epoch.
B. Radiation dominated epoch
Now if we consider radiation dominated era with ρ ∝
a−4, we get
a(τ) ∝ τ ∝ t1/2, H = 1
τ
. (42)
Then Eq. (35) gets the following form
Φ′′ +
4
τ
Φ′ +
1
3
k2Φ = 0. (43)
Despite the matter dominated epoch, Eq. (43) depends
on scales (k-dependence). Defining u := τΦ, the poten-
tial Eq. (43) gets the form of a spherical Bessel equation,
d2u
dy2
+
2
y
du
dy
+
[
1− l(l + 1)
y2
]
= 0, (44)
where l = 1 and y = kτ/
√
3. Then the solution is
u(τ,x) = c1(x) j1
(
kτ√
3
)
+ c2(x)n1
(
kτ√
3
)
, (45)
where
j1(x) =
sinx
x2
− cosx
x
, (46)
n1(x) = −cosx
x2
− sinx
x
. (47)
The function n1(x) diverges for small x, therefore c2 = 0.
The Bardeen potential gets the following form:
Φ(τ,x) =
9
√
3Φ0(x)
k3τ3
[
sin
(
kτ√
3
)
− kτ√
3
cos
(
kτ√
3
)]
.
(48)
The potential, as mentioned before, depends on the scale.
For scales inside the horizon, i.e. kτ ≫ 1, the potential
is reduced to
Φ(τ,x) = −9Φ0(x)
cos
(
kτ√
3
)
(kτ)
2 , (49)
that is oscillatory with a decaying amplitude. For super-
horizon scales (kη ≪ 1), the potential becomes constant.
Finally, the gravitational energy density becomes
δt 00 = −
6Φ0
τ4
∝ 1
a4
, kτ ≪ 1, (50)
δt 00 = −
18
√
3Φ0
kτ4
sin
(
kτ√
3
)
, kτ ≫ 1. (51)
Fig. 2 illustrates the behavior of the gravitational energy
density and the Bardeen potential in radiation dominated
epoch for various scales. At small scales, the gravita-
tional energy and the Bardeen potential oscillate with
decaying amplitude. At large scales, while the gravita-
tional energy decays fast, the Bardeen potential tends to
a constant value.
C. Radiation and matter
In the real universe there is no single component fluid.
To be more realistic, it is convenient to consider radiation
and non-relativistic matter at the same time. Here we as-
sume matter and radiation non-interacting, therefore the
conservation equation for each fluid in the background
leads to:
ρm ∝a−3, ρr ∝a−4. (52)
The expansion is different in radiation and matter com-
ponents. However, there is an equivalence epoch where
the energy of matter and radiation are comparable, there-
fore we can define teq as the time when ρm = ρr and use
the scale factor as:
y =
a
aeq
=
ρm
ρr
, (53)
where radiation-matter equality occurs at y = 1. The
Friedmann equation results in the following scale factor
y =2dτ + dτ2, (54)
where d =
√
ρr,0
12
a20
aeq
. The comoving Hubble expansion
rate can be recast as follows
H(y) =Heq
√
1 + y√
2y
, (55)
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FIG. 2. The gravitational energy density and Bardeen poten-
tial in radiation dominated epoch for various scales.
where Heq = H(y = 1). We assumed that there is no
interaction between two components, however they affect
each other gravitationally. Therefore, ignoring collision
terms, covariant energy-momentum tensor conservation
is valid for each components. For linear perturbations,
the conservation equation results in the quantities:
δ′m =△vm + 3Φ′, (56)
v′m =−Hvm +Φ, (57)
3
4
δ′r =△vr + 3Φ′, (58)
v′r =
1
4
δr +Φ, (59)
where δi and vi are the energy contrast and the velocity
perturbation for the component i. Using Eqs. (56)-(59),
the evolution equations of δm(y) and δr(y) can be written
in term of scale factor y in Fourier space,
(1 + y)
d2δm
dy2
+
2 + 3y
2y
dδm
dy
=3(1 + y)
d2Φ
dy2
+
3(2 + 3y)
2y
dΦ
dy
− k
2
k2c
Φ,
(60)
(1 + y)
d2δr
dy2
+
1
2
dδr
dy
+
1
3
k2
k2c
δr =4(1 + y)
d2Φ
dy2
+ 2
dΦ
dy
− 4
3
k2
k2c
Φ, (61)
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FIG. 3. Evolution of the Bardeen potential and the gravi-
tational energy density with respect to log10 (a/aeq), for uni-
verse containing radiation and non-relativistic matter. Modes
with k < keq and k > keq enter the Hubble radius during
matter- and radiation-dominated epochs, respectively. The
vertical line at a = aeq indicates the matter-radiation equal-
ity.
where kc = Heq/
√
2 = keq/
√
2. The right hand side of
Eq. (28) contains the total energy density perturbation,
therefore we have:
y
dΦ
dy
+Φ+
1
3
k2
k2c
y2
1 + y
Φ =− 1
2
y
1 + y
(
δm + y
−1δr
)
.
(62)
The initial conditions are adiabatic, on super-Hubble
scales and in radiation dominated epoch; in other words
y ≪ 1 and k → 0. At this time, the potential Φ is time
independent and δr = −2Φ, δm = −3Φ/2, δ′r = 4Φ′ and
δ′m = 3Φ
′. Having the initial condition, it is straight-
forward to solve Eqs. (60), (61) and (62), numerically.
Fig. 3 describes the evolution of the potential and gravi-
tational energy density for modes that enter the horizon
at various epochs.
7D. Inflation driven by scalar fields
Inflation not only provides convenient initial conditions
for big bang cosmology, but also provide the seeds for
structure formation. Quantum fluctuations, exiting the
horizon, became classical and are stretched due to ex-
ponential expansion. The simplest dynamical candidate
for describing inflation is achieved by a canonical scalar
field. Although the observations are in agreement with
a single scalar field description of inflation, the energy
scales of inflation is beyond the standard model of parti-
cle physics. Theories formulated at these energy scales,
in general, contain several degrees of freedom that can
be dealt under the standard of multiple scalar fields. In
this section, we consider inflation driven by N canoni-
cal scalar fields {φi}, where i = 1, 2, 3, · · · , N , minimally
coupled to gravity. The dynamics of background universe
is described by:
φi
′′
+ 2Hφi′ + a2V ,i = 0, (63)∑
i
1
2
φi
′2
+ a2V (φi) = 3H2, (64)
where V (φi) is a general potential and V,i := ∂V/∂φ
i.
The field equations in linear perturbation regime become
δφi
′′
+ 2Hδφi′ −△δφi +
∑
j
a2V ,ij δφ
j = −2a2V iΦ
+4φi
′
Φ′,
(65)
Φ′′ + 3HΦ′ + a2V Φ = 1
2
∑
j
(
φj
′ δφj
′ − a2Vj δφj
)
.
(66)
The Poisson equation can also be written as follows:
2△Φ =
∑
j
[
φj
′ δφj
′ − φj ′φj ′Φ+
(
3Hφj ′ + a2V,j
)
δφj
]
.
(67)
Also the 0i-component of Einstein equation results in
Φ′ = −HΦ+ 1
2
∑
j
φj
′ δφj . (68)
For a given potential V (φi), one can solve
Eqs. (65) and (66) to obtain the evolution of Φ
and consequently the gravitational energy density
δρg = −δt00, numerically. Fig. 4 Illustrates the gravita-
tional energy density for a single scalar field model. We
use Eqs. (67) and (68) as constraint equations for initial
values. For multi-field inflation we have
δt00 = −3
H
a2
∑
j
φj
′ δφj . (69)
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FIG. 4. The gravitational energy in different scales for
inflation driven by a scalar field φ with the potential
V (φ) = m2φφ
2/2, where mφ ∼ 10−6mpl. The initial condi-
tions are considered as φ(0) = 3.2mpl, dφ(0)/dt = −0.5mpl,
and as one expect for the light scalar fields, we have used
δφ(0) ∼ H .
Considering slow-roll regime we can also solve the equa-
tions analytically. The background Eqs. (63) and (64)
for multi-field inflation are reduced to
3Hφ˙i + V ,i ≈ 0, (70)
3H2 ≈ V. (71)
We can also write the potential Φ as follows:
Φ =
1
2H
∑
i
φ˙i δφ
i. (72)
Then, the energy density becomes
δt00 =
1
2
∑
i
V,i δφ
i. (73)
The energy density in slow-roll regime is proportional to
perturbation in potential V (φi). The first order pertur-
bations in matter energy-momentum tensor lead to:
δT 00 = −
∑
i
(
φ˙i ˙δφ
i − φ˙iφ˙iΦ + V,i δφi
)
. (74)
The total energy therefore gets the following form:
δτ00 = −
∑
i
(
φ˙i ˙δφ
i − φ˙iφ˙iΦ+ 1
2
V,i δφ
i
)
. (75)
Eq. (65) on super-horizon k ≪ Ha can be written as:
3H ˙δφi + V,ij δφ
j ≈ −2V,iΦ. (76)
For a given potential, one can solve the Eqs. (72) and (76)
to obtain Φ and δφi. Considering the sum-separable po-
tential V (φi) =
∑
j Uj(φ
j), the Bardeen potential and
8scalar field perturbations are [36]:
Φ = −C1 H˙
H2
−H d
dt
(∑
j djUj∑
j Uj
)
, (77)
δφi
φ˙i
=
C1
H
− 2H
(∑
j djUj∑
j Uj
− dj
)
, (78)
where C1 and di are integration constants. Being the
fields perturbations in slow-roll regime, the constants C1
and djcan be calculated from Eq. (78). Finally, the en-
ergy density becomes
δt00 = 6C1H˙ + 6H
3 d
dt
(∑
j djUj∑
j Uj
)
. (79)
As an example, let us consider a simple two-field model
with potential V (φ, χ) = m2φφ
2/2+m2χχ
2/2. This model
is known as double inflation for mφ ≪ mχ [37]. In slow-
roll regime, the Bardeen potential and the scalar field
perturbations, adopting the Newtonian gauge, get the
following form
Φ =− C1 H˙
H2
+
2
3
C3
(
m2χ −m2φ
)
m2χm
2
φχ
2φ2(
m2χχ
2 +m2φφ
2
)2 , (80)
δφ
φ˙
=C1H
−1 − 2C3H
m2χχ
2
m2χχ
2 +m2φφ
2
, (81)
δχ
χ˙
=C1H
−1 + 2C3H
m2φφ
2
m2χχ
2 +m2φφ
2
, (82)
where
ǫ = − H˙
H2
=2
m4φφ
2 +m4χχ
2(
m2φφ
2 +m2χχ
2
)2 . (83)
The terms with C1(k) and C3(k) correspond to the grow-
ing adiabatic and isocurvature modes of solution. Con-
sidering scalar fields at the horizon crossing, one can
write the coefficients C1 and C3. Finally, the gravita-
tional energy reads:
δt00 =
− 2
C1
(
m4φφ
2 +m4χχ
2
)
+ C33
(
m2χ −m2φ
)
m2χm
2
φφ
2χ2
m2φφ
2 +m2χχ
2
,
(84)
where the contribution of the single scalar fields is evi-
dent.
E. Cosmological constant dominated epoch
In Λ-dominated epoch, the scale factor reads as
a(τ) =− 1
Hτ
, H =− 1
τ
, τ < 0, (85)
where the Hubble parameter H is constant. Here, the
energy density of cosmological constant is obviously con-
stant, i.e. δρΛ = 0 = δpΛ. We consider cosmological
constant in the presence of non-relativistic matter. Then
the perturbations in matter may be important. Eq. (30)
in Λ-dominated epoch becomes:
Φ′′ − 3
τ
Φ′ +
3
τ2
Φ = 0. (86)
The solution is
Φ = c1τ + c2τ
3. (87)
Finally, the gravitational energy density becomes
δt00 = 12c2H
2τ3. (88)
Notice that τ ∝ e−Ht, therefore, the energy decays ex-
ponentially. To be more precise, we have to consider
the energy density of non-relativistic matter. From the
Friedmann equation, we get the Hubble parameter,
H = H0
√
Ωm(1 + z)3 +ΩΛ, (89)
where z is the redshift. According to observations, we
can assume Ωm = 0.27 and ΩΛ = 0.73 the ratios of
non-relativistic matter and cosmological constant energy
density to the critical energy density at present epoch,
respectively. We have ignored the energy density of ra-
diation. Eq. (30) is still valid in this case,
Φ′′ + 3
a′
a
Φ +
(
2
a′′
a
− a
′2
a2
)
Φ = 0. (90)
one can define the suppression factor g(z) as follows
Φ = g(z)ΦMD, (91)
where ΦMD is the potential in matter dominated epoch.
We can solve Eq. (90) for g(z) with the initial values
g(∞) = 0 and dg(∞)/dz = 0. Having the function g(z)
we can plot the gravitational energy with respect to the
redshift for different values of ΩΛ. See Figs. 5 and 6 for
g(z) and δt00/ΦMD.
IV. CONCLUSIONS
In present paper, we have explored the issue of grav-
itational energy localization of the universe in context
of GR and TEGR. Considering fa lat FRW spacetime,
we have applied different energy complexes assuming the
prescriptions by Einstein, Møller, Landau-Lifshitz and
Bergmann. We found that the energy complexes vanish
at background level. This result coincides with those in
previous works where the Einstein and Landau-Lifshitz
prescriptions have been used [14–17]. Then we evaluated
the gravitational energy of FRW spacetime considering
cosmological linear perturbations. We found that the
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FIG. 5. The suppression factor g(z) = Φ/ΦMD for different
values of density parameters: ΩΛ = 0.25, 0.5, 0.73, 0.85. The
blue line show the real ΩΛ.
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FIG. 6. The gravitational energy density for different values
of density parameters: ΩΛ = 0.25, 0.5, 0.73, 0.85.
gravitational energy in all the prescriptions considered of
this work are identical and proportional to the matter-
energy density in comoving gauge. Finally, we obtained
the gravitational energy for the universe filled with non-
relativistic matter, radiation, inflationary multiple scalar
fields and cosmological constant. In a forthcoming pa-
per, considering results in [26, 27], the same approach
will be adopted in the framework of modified gravity.
The aim is to discriminate among different modified the-
ories of gravity considering cosmological EMC compared
with observations.
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